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Abstract. — A certain class of unitary representations of t/ ? (sl(2,R)) has the property 
of being simultanenously a representation of U-(sl(2,M)) for a particular choice of q{q). 
Faddeev has proposed to unify the quantum groups Uq($l(2,W)) and f/-(s((2,R)) into 
some enlarged object for which he has coined the name "modular double". 

We study the R-operator, the co-product and the Haar-measure for the modular double 
of (/ 9 (s[(2,R)) and establish their m ain p roperties. In particular it is shown that the 



Clebsch-Gordan maps constructed in [ PT2 ] diagonalize this R-operator. 
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1. Introduction 

Quantum groups have become an indispensable tool in many areas of mathematical 
physics and mathematics. In a broad class of quantum theoretical models it has turned 
out that finding a relation to a quantum group is the key for obtaining exact information 
about the spectrum or the correlation functions. 

So far most of the vast amount of work devoted to quantum group theory and their 
physical applications was concerned with quantum groups that can be studied in a 
purely algebraic manner. This is the case e.g. if the relevant representations are highest 
weight representations, as is often assumed. 

However, in physical applications to quantum theoretical models the choice of a 
scalar product on the space of states usually determines the hermiticity relations for 
the representatives of the quantum group generators. In many cases like those cor- 
responding to the so-called non-compact quantum groups it turns out that the corre- 
sponding unitary representations are always infinite-dimensional and generically nei- 
ther of highest nor lowest weight type. In order to exploit the information provided 
by the appearance of such a quantum group it is clearly important to have efficient 
mathematical tools for analyzing the corresponding representation theory. 

Unfortunately there are comparatively few results about the representation theory 
of non-compact quantum groups. This seems to be an important obstacle for making 



2 



A.G. BYTSKO AND J. TESCHNER 



further progress in many quantum integrable models. Nevertheless there is an inter- 
esting example that was first studied independently in [ PT1 ], [F2] and [ PT2 ]. These 
references were considering a particular class of infinite dimensional unitary represen- 
tations of U q (sl(2,R)). This class of representations, henceforth denoted & s , 
was the also first to be used in a concrete physical application: Understanding the ten- 
sor products of the above-mentioned representations was crucial for obtaining exact 
results on the quantum Liouville theory [ PTl| ][fl]]. 

A rather remarkable duality phenomenon was observed in [F1],[ PT1 ] and [F2|, 
The representations in question are simultaneously representations of the two quan- 



go 



tum groups U q {sl 2 ) and U^{sl 2 ) with deformation parameters q = e and q 
respectively. This duality turns out to be deeply related to the quantum field theoret- 
ical self-duality of Liouville theory under the change of the coupling constant b into 
b~ l [jl]]. Moreover, it is this duality under b — > b^ 1 that allows one to cover the so- 
called strong-coupling regime where \b\ = 1 by analytic continuation of the results for 
real values of b ^T^0T^^0^\. 

The results of the present paper clarify the origin of this phenomenon to a certain 
extent. Given the operators X representing one of the two algebras, say U q {sl 2 ), one 
may obtain the representatives of the second algebra L^(s( 2 ) as nonpolynomial oper- 
ator functions of the operators X. This is found to be consistent with the respective 
co-products. In particular, restricting attention to only one of the two algebras does 
not lead to any degeneracy as is sometimes suggested in the literature. 

Faddeev has proposed to unite the quantum groups U q {sl 2 ) and U^(sl 2 ) into some 
enlarged object for which he has coined the name "modular double". The proposal of 
[F2] as refined in [ KLS ] amounts to defining it as the product of U q (sl 2 ) and U^(sl 2 ), 
where, roughly speaking, U q (sl 2 ) is obtained from U q (sl 2 ) by adjoining a sign to the 
center generated by the Casimir of U q (sl 2 ). We feel that this definition for the modu- 
lar double has a disadvantage, though. Most representations of U q (sl 2 ) ^>U^(sl 2 ) are 
simply tensor products of representations of the two factors. The representations 
on the contrary are distinguished by the fact that they do not factorize as a tensor prod- 
uct of representations for U q (sl 2 ) and U ri (sl 2 ). This is what makes the duality under 
b — > a nontrivial statement. Since the category formed by the representations & s 
is closed under tensor products [PT2] it seems natural to look for the group-like object 
that contains the interesting representations only. 

We therefore propose to look for a definition of the "modular double" that ex- 
cludes the representations of U q (s \ 2 ) <g> £/= (s \ 2 ) which factorize trivially. This definition 
should still capture the duality phenomenon mentioned above. As we have indicated, 
this naturally leads us to consider nonpolynomial functions of the generators. The ba- 
sic objects underlying our approach to the modular double will be an algebra si of 
bounded operators, a coproduct A on si, an invariant integration (Haar-measure) on 
si and the R-operator proposed in We are going to establish the main properties 
satisfied by these objects, which are all self-dual under b 
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The algebra can be thought of as being generated from operators that represent 
U q (sl 2 ) in a similar (in fact, closely related) way as the algebra of bounded operators 
on L 2 (R) is related to the usual quantum mechanical position and momentum opera- 
tors x and p. Our point of view is inspired by the one of Woronowicz [ Wl], which 
has stimulated the development of a theory for noncompact quantum groups in a C*- 
algebraic framework, see e.g. [KV] and references therein. However, although we 
believe that our results represent substantial progress towards a proof that the modular 
double fits into such a C* -algebraic framework, it was not our aim to actually carry out 
such a proof here. 

We also clarify the relation between the R-operator proposed in [F2] and the cal- 
culus of Clebsch-Gordan and Racah-Wigner-coefficients of JPT2 ]. Establishing this 
relation is important for the following reason. In [fl]] it was shown that certain families 
of representations of the Virasoro algebra and of the quantum group U q (sl(2,M.)) be- 
have equivalently under the respective product operations (fusion and tensor product). 
Together with the results of the present paper it follows that the respective braiding 
operations are equivalent as well. 

To be specific we will mostly consider the case that the deformation parameter is of 
the form q = e mbl , where b 6 (0, 1). However, our results will carry over to the "strong 
coupling regime" \b\ = 1, see the remarks in Subsection |2. 11. 



2. Definitions and main results 
2.1. Star algebra U q (sl(2,R)). — U q (sl(2,R)) is a Hopf-algebra with 
generators: E, F, K, K~ ; 

relations: KE = qEK, KF = q l FK, \E,F] = -r-; (2.1) 

q-q 1 

star-structure: K* = K, E* = E, F* = F . 

The center of £/ 9 (st(2,R)) is generated by the g-Casimir 

qK 2 + q- i K- 2 -2 
(q-q 



C = FE + 2 — _ . (2.2) 



Compared to the definition used in [PT2] we have redefined F — > —F. This will allow 
us to realize F by positive operators. 

2.2. The representations & s of f/ 9 (sI(2,R)). — In the present paper we will study 
a one-parameter class S? s , s € R, of representations of U q (sl(2,M.)). They are con- 
structed as follows: The representation will be realized on the space S? s of entire 
analytic functions f(x) that have a Fourier-transform f((o) which is meromoiphic in 
C with the possible poles contained in 

y s = |±fi) = s + i(^+nb + mb^),n,meZ-°Y (2.3) 
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where Q = b + b~ l . The representation of f/ 9 (sl(2,R)) on &> s is then defined by 
choosing the representatives n s (X) for X = E,F,K to be the following finite difference 
operators 

Wf n _ f _„+sfe{ Coshftfr(p-j) ^ x 

^M-fcJ = t.v = e : -J e 

sm7lb 7t s (K) =K S = e-^P, (2.4) 

_ /p\ _ p _ „-ttfo< cosh^(p + j) _„ bx 

sin nb l 

where p and x are self-adjoint operators satisfying [p,x] = (2iti)~~ . By embedding ^ s 
as a dense subspace into the Hilbert space L 2 (M) one obtains a unitary representation 
of U q (sl(2,M)) generated from the self-adjoint operators E, F and K [Bj. 



2.3. The representations J4? and of U q (sl (2,M)). — We will find it convenient 
to formulate our results in a "universal" setting. Let us define Jtf = L 2 (R x R). The 
algebra of bounded operators on Jff is generated by two pairs (x ; , p ( ), i = 1,2 

satisfying [p,,x ( ] = (2ni)~ l . The action of L^(s((2,R)) on is defined by 

% (E) = E - c *»fri -x,,) coBhfffrpg ^ fe(Xi _ X;1 
X sin ^ 2 w ^ = k--.f (pi-pi) 



cosher %W = K ^ T 

,7rfo(x 2 -x x ) COSn^£»p 1 g ^( Xz _ Xl ) 

(2.5) 



sin 



Kb 2 



This representation of £/ 9 (s[(2,R)) on Jif is reducible: The operator s = ^(pj + p 2 ) 
commutes with E, F, K and determines the representation of the Casimir via 



cosh 2 nbs 
sin 2 Kb 2 



C = n^(C) = . ? t „ . (2.6) 



The action of ( |23| ) on an eigenspace of s reduces to the action (2.4) on 3? s upon 
identification p = \ {$> x — p 2 ) and x = x ; — x 2 . This means that decomposes into the 
representations as follows: 



/ rfj^,. (2.7) 



The representations ^ v and 0P_ S are unitarily equivalent [ PT2[ ] : There exists a unitary 
operator J,. : ^ -> such that X_ S J S = J S X S for all X G £/ ? (s[(2,R)). The operator 
J s defines an operator J : ,J€ — > if one considers the operator function J = J s . 

It will sometimes be convenient to consider instead of J(f a space ^ in which 
and &_ s are identified: 



,tf> = {veJ; (id-J)v = 0}. 
Jt? is of course isomorphic to J R+ ds & \. 
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2.4. Operator functions of E, F, K. — It is important to also consider nonpoly- 
nomial functions of the operators E, F, K. Let us first note that standard functional 
calculus for positive selfadjoint operators allows one to consider complex powers of 
the generators such as E r , 7 € C. The following result offers a partial explanation for 
the phenomenon of modular duality. 



Lemma 1. — (i) The operators E s , F s , K s obtained by replacing b — > b in (j?.4|), 



E = +nb~^ COSh7T& [ (p-s) ^ +nb -i x 
c s — e 



sin7r f K s = e~^, (2.8) 

£ _ „-%b~^ cosh *b (P + s ) „-nb-\ 

' S — e ■ l 7 e 

sm7ro z 



generate a representation of U^(sl(2, M.)) with q = e mb \ The generators E s , F s , K v 
commute with the operators E s , F^, K s on £P S . 
( ii) For 7 = b~ 2 we have 



(sin(7TA3 2 )E, s ) r = sin(7r^ 2 )E s , 
(sin(7T/3 2 )F, $ ) r = sin(7T^ 2 )F s , 



KJ = K s . (2.9) 



Being operator functions ofE s , F s , K s , the operators E s , F s , K s do not commute with 
E s , F s , K s in the usual sense (commutativity of the spectral projections). 

We shall now define an algebra of bounded operators that can be considered as 
operator functions of E, F, K. To begin with, let ff s , 5 € M be a family of bounded 
operators on L 2 (M) such that 

SUp H^sll < 00. 

A bounded operator G on can be defined for each such family (^.v) V(? tr by means of 



( |2.7| ). These operators & form a subalgebra 33 of the algebra of all bounded operators 
on M '. Let 3§ be the C* subalgebra obtained as the completion of 3§ w.r.t. the operator 
norm. This algebra can be thought of as being generated from the unbounded elements 
p, x, s. 

However, there is no canonical way to define sgn(s) as a function of E, F, K. The 
center of the algebra of bounded operators generated from E, F, K should be generated 



from operator functions of the Casimir, or equivalently |s|, cf. eqn. ( |2.6| ). This is 
closely related to the fact that the representations S? s and &_ s are unitarily equivalent. 
Elements of the "true" algebra srf ' C 3§ should therefore commute with the operator J 
which establishes the equivalence between S? s and B^_ s , 

si = {0 € 38; J^OJ = 0}. (2.10) 



This amounts to considering only those elements of 33 that leave ,3^ invariant. 



. _ A(K)=K®K. (2.11) 
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2.5. The Hopf algebra structure. — A co-product is defined on U q (sl(2,M)) via 

A(E) =E®K + K- l ®E, 

A(F) =F®K + K- l ®F , 
In the following we shall adopt the convention to denote 

A(X) = (7l^cg)K M ,)oA(X) for X e %(sl(2,R)) . (2.12) 

It follows from JPT2| , Theorem 2] that A(E), A(F) and A(K) are self-adjoint and posi- 
tive and therefore generate a representation of U q (s [(2 , R) ) on <g> Jt?. The following 
Lemma proven in Section 3 establishes consistency of the co-product with modular 
duality: 



Lemma 2. — The co-product (2.1 1)(2. 12) acts on the dual part of the modular double 
as follows. 

A(E) = E(8)K + K _1 (8)E, 
A(F) = F&K + K" 1 ®?, 



| . A(K) = KigiK. (2.13) 



A representation of the co-product on the algebra si can be defined by means of the 
Clebsch-Gordan maps defined in [ pT2 ]. These maps yield a three parameter family of 
maps C[j 3 |j 2 , jJ : & Sl (8> 2? Sx —> that satisfy the intertwining property 

and extends to a two-parameter family of unitary operators Cta,^] : L 2 (R 2 ) — > 
Let us introduce the operators s x = id ® s, s 2 = s ® id on ® Jt? respectively. The 
identification (2.7) allows us to consider C[s 2 ,sJ as a unitary operator 

where the operators s., i = 1,2 are realized on the spaces J?®,. ~ L 2 (M+) as multipli- 
cation operators. 

For each element X £ sf we may now define A(X) by 

A(X) = C t o(X®id<g>id) oC. (2.15) 

Since C is unitary and X is bounded we clearly have boundedness of A(X) : M'® Jff' — > 

jr. 

Theorem 1. — The coproduct A is coassociative on s/, i.e. 

(idtg)A)oA(X) = (A®id)oA(X) for any X € s/. 

The antipode consistent with ( [2.1 1| ) is defined as an anti-automorphism of 
U q (sl(2,R)) such that 

a (K) =K~\ <T{E) = -qE, o(F)=-q- l F. (2.16) 
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The action of the antipode on nonpolynomial functions of E, F and K can be introduced 
by means of 

a(p) = -p, a(s) = -s, a(x) = x+^Q. (2.17) 
The fact that x is shifted by an imaginary amount means that a is not defined on all of 



si ' . This unboundedness of the antipode is not unexpected [KV] 



(2.18) 



2.6. The Haar-measure. — Let us first note that the decomposition (2.7) induces a 
family of projections n s '■ s$ —> ^{L 2 {U)). We shall often use the shorthand notation 
0,. = 71,(0). 

Definition 1. — Define linear junctionals hj and h r on dense subsets ^ and of 
srf respectively by 

poo 

h,(0) = / dm(s)Tr{e- 27cQp O s ), 
Jo 

poo 

h r (0) = / dm(s) Tr(e +27rep O v ), 

JO 

where the measure m is defined by 

dm(s) = 4sinh27rfesinh27rft _1 5 ds. (2.19) 

Theorem 2. — (i) The Haar-measures hj and h r are left and right invariant respec- 
tively, 

(id<g>h,)oA(0) = h,(0)id, 

(2.20) 

(h r ®id)oA(0) = h r (0)id, 

where we assume to be taken from the respective domains of definition, 
(ii) For any X € U q (sl(2,M)), the Haar-measures satisfy, respectively 

h,(ad^0) = h,(0)e(X), 
h r (ad5c0) = h r (0)e(X), 

where e(X) is the co-unit, and the left and right q-adjoint actions are defined as 
atf x (7) = LiX!Ya(X!') and ad x (F) = £ ; o(X!)YX!' ifA(X) = ^Xf^X?. 

Remark 1. — We believe that the triple (£/,A,h) that we have defined above consti- 
tutes a somewhat more satisfactory definition of the modular double, although more 
work is needed to show that it fits into the axiomatics for noncompact quantum groups 



of [ KV ]. The self-duality under b — » b~ l is manifest in this formulation. 

It also becomes clear that the modular double can not be considered as a deformation 
of a classical group: The Haar-measure has no classical limit b due to the factor 
Q = b + b~ l that appeals in the definition of h. 
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2.7. The R-operator. — To begin with, we introduce the special function g, (x) that 
will be used to define the R-operator. It may be defined via (recall that Q = b + b~ l ) 

tQ t 

f dt e* 1 x 

log ^ ) = - / T (i-^)(i-W*) - (2 " 22) 



Let us furthermore introduce an anti-self-adjoint element H such that K = cf 1 . Define 

R = q "®" g b (4{sm7lb 2 ) 2 E®F)q mH , (2.23) 

where H = %^,(H). As we will explain below (see Corollary |J), R coincides with the 
R-operator proposed by L. Faddeev in [JF^]. Notice that the property ( fO| ) implies that 
l^&( x )l = 1 for x £ M + . This makes R manifestly unitary. 

Theorem 3. — The operator R has the following properties: 

(i) RA(X) = A'(X)R, (2.24) 

(ii) (id®A)R = R 13 R 12 , (A® id)R = R 13 R 23 , (2.25) 
(hi) (a®id)R = R _1 , (id® a)R = R _1 , (a<g>a)R = R. (2.26) 



Remark 2. — The R-operator allows us to introduce the braiding of tensor products 
of the representations & s . Specifically, let the operator B : 3P Sx <g> S 1 ^ —>■ & Sx ® 2? Si 
be defined by B Sz ,s 1 = PRs 2 ,sjl> where P is the operator that permutes the two tensor 
factors. Property (i) from Theorem [3] implies as usual that B Si Si oA(X) = A(X) o B Si Si . 

2.8. Integral operator representation. — The operator R can clearly be projected 
to an operator R. Sz Vi = (n Sz <g> it S] ) R on (g> £P Si . The action of this operator admits 
a representation by means of a distributional kernel: 

Theorem 4. — Let xj/(k 2 ,k 1 ) = f R dx 2 dx l e 2jtl ( k i x i +k 2 x ^y(x 2 ,x l ) be a Fourier trans- 
form of \j/( x 2T x i) 6 &s z <2> &s L - The action of the R-operator on & Sl ® admits 
the following representations as an integral operator in "coordinate" and "momen- 
tum " space respectively: 

(Rvi V)(x 2 , x i) = / dx^dx\ R^ (* 2 >*i \x^,x[) YiA,^), (2.27) 

(Rvi^)(*2.*i) = / ^^,,(^14*1)^1), (2-28) 
with the kernels given by 

R V] (x 2 ,x! 14,4) = e**(»M-*i)+hb2-4)+% {^-x^+hh+htf) 

x G,(f + i(s i+ s 2 ) + i(x 2 -x 1 )) G h {^-l(s i+ s 2 ) + i(x' 2 -x[)) (2-29) 

G 6 (e+ lW- j 2 ) +'(*2 -4)) ^(fi+sC^-^+'C^-^i)) ' 
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R* a * 1 (*2>*ll*2j*'l) = 

e -«f(*l*2+*i^) w^+kjw^-kz) (2.30) 



5 — I - ^1 ^2 ^1 



G^fi + i^-*!)) W*C*l+*l) w fc (5 2 -^; 



The functions w b (x) and G,(x) are close relatives of the function g b (x) that will be 
defined in Subsection below, and G~ l (Q + ix) is taken as a short notation for the 
distribution G 1 (Q + i(x + i0)). 

2.9. Highest weight representations. — In order to demonstrate that the R-operator 
we are considering here indeed deserves to be called "universal" we are now going to 
show that the usual R-matrix for highest weight representations of U q (sl(2,M)) can be 
extracted from the analytic properties of the matrix elements given in Theorem 

As a preparation let us consider the representation of U q (sl(2,M)) on the dual space 
&" s of & s . An interesting class of elements of 3?' s is furnished by the (complexified) 
delta-functionals S k , 

(S k J)=f(k). 

The 5, are well-defined for all k G C\J?" S , and the action of U q (sl(2,M.)) is realized by 

where [t] q = ^(xd) * s tne stan dard definition of a q-number, and the superscript "?" 
on the generators indicates transposition. 

Let us restrict attention to the set £F 4 of functionals 8 k for which k is an element of 



{k = — s+i{% +nb) ,n 6 Z- }. It is easy to verify that ( 2.31 ) realizes a highest weight 
representation on @ s . 

Theorem 5. — The action of R' on Jt % is given by 

R, + =? H ® H ' Lf^r((9-q- 1 )^) n ^ 9H '- (2-32) 
2.10. Diagonalization of the R-operator. — 

Theorem 6. — The Clebsch-Gordan maps Cf^l^^i] diagonalize the R-operator in 
the following sense: 

C[s 3 \s v s 2 ]B SzSi = n^l^jJC^I^jJ, (2.33) 
eigenvalue O^l^,^) g/ven as 
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2.11. The strong coupling regime \b\ = 1. — We would finally like to point out 
that our results carry over to the strong coupling regime b = e' e ,8 € [0,7i/2). This 
is almost obvious for those results whose proof relies mainly on the properties of the 
special functions g b (x), G h {x) and w b {x). In this case the operators E, F and K are 
normal (as follows from eqn. ( |3.19 ) below), and the hermitian conjugation acts as 



K 1 = K. 



Concerning the results that rely on [PT2] one may note that they all amount to 



certain identities between distributions that are defined by a standard analytic regular- 
ization in terms of the meromorphic functions g h (x), G b (x) and w b (x). The relevant 
analytic properties underlying the validity of these identities all remain intact upon 
analytically continuing from the case of real b to \b\ = 1. 



3. Preliminaries and auxiliary results 

3.1. Special functions. — The Double Gamma function T 2 (x\(O l ,(Q 2 ) was intro- 
duced and studied by Barnes [jBsJ. In what follows we will be dealing with (recall 
that Q = b + b- 1 ) 



fcW r 2 (Q-x\b-\b)- {5A) 

This function is closely related to the remarkable special functions introduced under 
the names of "quantum dilogarithm" in [FK1] and "quantum exponential function" in 
[ W2 ]. G b {x) is a meromorphic function that has the following properties [Ba, Sh|: 

self-duality G b (x) = G b _ x (x) , (3.2) 
functional equation G b (x + b) = {\- e 2nibx ) G b {x) , (3.3) 
reflection property G b {x) G b (Q -x)= e nix ^ Q) , (3.4) 

b ( 

, for 36c) -^+°° 

asymptotes G h (x) ~ { ^_ Q) for 3 (jc) ^ _ , (3-6) 

G b (x) has poles at x = -nb - mb- x > n 7 x 

G b [x) has zeros at x = Q + nb + mb 

where L = e^ + ^ b ~ +b 2 '. By Proposition 5 in [§h|, the G fo -function admits for Zb 2 > 
the following infinite product representation 

^ _ e 2nib~ l (x-nb~ { )~^ 

G b( X ) = Cfc Y[°° (I _ e 2Kib(x+nb)^ ■ ( 3 - 8 ) 



complex conjugation G b {x) = e m{ - Q ~^ GJx) , (3.5) 
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We are also going to use two other functions that are closely related to GAx), namely 

g ^ = rfaJ b i i V and Gjf-fe). M 

The representation ( |2.22 ) for g h introduced above follows easily from the integral rep- 
resentation for the Double Gamma function introduced in [{Sij]. 

For the reader's convenience we shall also list the relevant properties of wJx) that 
follow from (EOhEO). 



self-duality 


w b 


{x)=w b - 1 {x), 


(3.10) 


functional equation 


w b 


x + ib) =2w b (x) sin Kb ( 2 — ix) , 


(3.11) 


reflection property 


w b 


(x) w b {-x) = 1 , 


(3.12) 


complex conjugation 


w b 


(x)=w b (-x), 


(3.13) 


w b (x) has poles at 
w b (x) has zeros at 


X 
X 


= -i(%+nb + mb- 1 ) >0 
= i(j+nb + mb ) 


(3.14) 



Notice that |w fe (x)| = 1 if x is real. Hence w b (X) is unitary if X is a self-adjoint operator. 
3.2. Operator algebraic preliminaries. — 

Lemma 3. — Let A and B be self-adjoint operators such that [A,B] = 2ni. Let (pit) 
be a function on the positive real axis and let y= rj. Then we have 

p( B + v) = w b (27i(A-B))(p(e^ A+B ^)w b (27i(B-A)), (3.15) 
{u+v)? = uV + v?, (3.16) 

where u = e bA , v = e bB . 

Proof. — It is convenient to introduce p = and x = A ^-. Observe that \p,x] = ^ ; 
so that we have 

f{p)S bx = S bx f{p-i\). (3.17) 

for any function f(t) that is bounded and analytic in the strip | < 3 (p) < 0. Using the 
Baker-Campbell-Hausdorff formula for Weyl-type operators and the properties of the 
function w b , we may calculate as follows: 



ll|) 2^ fe (cosh^)^ = ^ (A+B) ( el(S ^ ) + el( ^ B) ) el(A+B) 

= W + V 

The last expression is therefore unitarily equivalent to the positive self-adjoint operator 
e l7tbx . Our claim ( 3.15 ) follows by applying the standard functional calculus of self- 
adjoint operators. 
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Relation ( 3.16| ) can be proven along the same lines taking into account that, thanks 
to self-duality ( 3.10 ), w b obeys also the equation 

:2w ft (jc)sin(f(fi -«)). (3.18) 



Therefore, for (pit) = t y we have 
(u + vY = w b (-p) e^ x w h (p) e * A ^-en x 



(3.1! 



(coshfp)e^ = 



(A+B) 



□ 



Remark 3. — Another way to prove relation ( 3.16| ) in Lemma || is to use the b 



binomial formula ( p.4| ) that we derive in Appendix. When t approaches the value 



—iy, the ^-binomial coefficient ( |B.5[ ) vanishes unless z takes special values deter- 
mined by (3.7). Furthermore, for t = —iy the ^-binomial coefficient has nonvanish- 
ing residues only at z = and z = —iy. The contributions from these two poles 



yield the two terms on the r.h.s. of ( p.lq ). Similar consideration for t approach- 
ing —iny, n > 1 shows that the ^-binomial coefficient has nonvanishing residues at 
T = 0, — iy, ... , —iny. Therefore (u + v)" r can be represented as sum of (n + 1) terms 
which is analogous to the ^-binomial formula in the compact case. 

The proven Lemma leads to useful representations for the generators and the 
R-operator of U q (sl(2,M.)). For brevity, we denote e b = (2sin7T& 2 )E and f b = 
(2sin7T^ 2 )F, whereas e[ and f t will stand for their counterparts with b replaced by 

b b 

1 

b- 



Lemma 4. — TZ^iE) and %^{F~) admit the following representation: 



w 



,2^&(x 1 -x 2 ) 



W 



.(-P2)' f b= W b(Pl) e 



27cb(x l x, ) 



(3.19) 



(3.20) 



R may be represented as follows: 

R = q mH (w b (p 2 ) ®w h ( Pl )) g h (e 2nb ^- x J ®e 2nb ^- x ^) 

•K(-p 2 )®w,(- Pl ))^ H . 

Proof. — In Lemma|, we can identify j=(A — B) = p n+l and -^{A + B) = x„ 
where n = 1,2 (with convention that n + 2 = n). Then, as seen from the definition 
( |2.5[ ), we have u + v = e b for n = 1 and u + v = f b for n = 2. Therefore, (3.19) is just a 



particular case of ( J3- 15 ). Furthermore, for functions (p(t) defined on M + we have 



( P(%)=w b {p 2 )(p{e 



27rfo(x 1 — Xi)^ 



w*(-Pa) , 9(f*) = w,( Pl ) «p(e 2 ^^)) w,(- Pl ) . 

(3.21) 



In particular, we can take (p(t) = g b (x) (recall that \g b {x) \ = 1 for x € M + ). For this 
choice of <p(t), the representation ( |3.20| ) for R follows immediately from the defini- 
tion (p23b. □ 
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Corollary 1. — For y '= -r? we have 



(3.22) 



Proof. — Notice that, if u and v are identified as in the proof of Lemma f|, then 



u 7 + v y = &l for n = 1 and u y + v y = f, for n = 2. Thus, relations (3.22) are a par- 

b j- b 

ticular case of (3.16) . □ 



This proves the relations ( |2.9[ ) from Lemma 1 . 



Corollary 2. — The definition of the R-operator proposed in [F2], 



p _H»H IIn=o(l + <l 2n+1 % ® jfr) H®H ~ „-inb- 2 

R ~ q n^od+^e.^f,) 9 ' ' 

which is valid for b = e'^, # G (0, §), coincides with our definition ( 2.23\) . 
Proof. — 



(3.23) 



„-H®H p -H®H (£3) 

& nr= (i 



-1 



13 nr=o(i+<z 2n+1 e,® f i 



if 



□ 



Corollary 3. — n^{E) and K^{F) admit the following representation: 

Bj = e 27tb (xL-Xz)+by b (p 2 ) ^ f _ g2^fc(x z -x 1 )+fcv' i ,(p 1 ) ^ (3.24) 

w/iere = id f (logw 6 (/)). 

Proo/. — Eqs. (g3lb for <p(Y) = log(f) yield 

lo §( e fo) =^(P2) 27r ^( x i- x 2)w fo (-P2) = 2nb(x 1 -x 1 ) 

+ 27r6 [w 6 (p 2 ), (x x - x 2 )] w b (-p 2 ) = 2Kb(x 1 - x 2 ) + ibd t w b {t) — — 

t=p 2 w fe (p 2 ) 

and, analogously, log(f^) = 2nb(x z — xj + b\ff b (Pi)- Exponentiating these relations, 
we obtain (|3.24|). □ 



Remark 4. — Alternatively, eqs. (3.24) can be derived from (2.5) with the help of the 
Baker-Campbell-Hausdorff formula. Observe also that (loge fo + logf fo ) = b(\j/ b (Pi) + 
i// fo (p 2 )) commutes with C and H. 

We may now give the proof of Lemma ||. In Lemma ||, let us choose A = (2n(x L — 
x 2 ) + ^(P 2 ))®l + l®f (P 2 -Pi) andB = l®(2^(x 1 -x 2 ) + v^(p 2 )) + f (Pi-P 2 )«» 



14 



A.G. BYTSKO AND J. TESCHNER 



1 . In view of ( |3.24| ) this implies the identification u = e b <g) K b and v = K 
Therefore, we have 

i . . .i lb nh . . i 



-1 
b 



> e, . 



A(e.) ( ^A((e,)^) = (A(e,))* ( ^ (e^K. + K^e^ 

T) 



The relation for F in ( |2.13 ) is proven similarly. 



K, +K 



-l 



>e, . 

b 



□ 



Lemma 5. — Let the powers E a and F a with 3a ^ be defined on in the sense 

(3.25) 



of (3.21). Then we have 

[E, F a ] = [a] q [2H + a - \] q F a_1 , [E a ,F] = [o], [2H - a + 1], E"" 1 . 
where the q-numbers are defined as in Theorem [| 
Proof. — 



[E,F C 



w h (-p 2 ),w b {p l ] 



Q 27cab(x z -x 1 ) 



■^(-Pl] 



2sin7T& 2 h( ^ 2n h ^ v (2smnb 2 ) a 
@ / w fc (p 1 +^)w^(p 2 ) _ vt^pj + (1 - a)ib) w b (p 2 + aib) \ 
w b(Pi) w b(P2- ib ) w b {p { - aib)w b {p 2 + (a - \)ib) J 



2 2w(ce-l)fo(x z -x 1 ) 
(2sin7rft 2 )«+ 1 



-Pi) 



(3.11) 



1.26 6 Jo 12b ^ b \ q lib u b la lib u ~ b J 



-a-l 



[«]« It ~ « + i(P 2 - Pi)] q F^ 1 = [a] q [Upz - Pi) + a - l] q F 



a-l 



[a] 9 [2H + a-l] F 



a-l 



In the fourth line we used the definition of ^-number; in the fifth line we used the 
identities [x] q [y\ q - [x- a] q [y - a] q = [a] q [x+y - a] q and [t + b~\ = -[t] q . The 
second formula in (3.25) is derived analogously. □ 



Lemma 6. — Let A and B be self -adjoint operators such that [A,B] = 1%i. Then for 
the function g b (x) defined in $Z.22\ ) we have 

S h {u)g h {v) = g b (u + v), (3.26) 

8b( v )s h {u) = g b {u) g h (q~ l uv) g b (v), (3.27) 

where u = e bA , v = e bB and q = e in}? '. Furthermore, ^ tfTTfy . 



In the literature, eqs. (3.26) and (3.27) are often referred to as the quantum ex- 
ponential and the quantum pentagon relations. They also hold for the function 
s q (x) = rnr=o(l + xq 2n+l ) which is the compact counterpart of g b (x). For s q (x), the 
quantum exponential relation has been known since long time [ Sch| ] and the quantum 



pentagon relation was found in [FV]. 
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Since (3.26) and (3.27) are equivalent, it suffices to prove one of them. Proofs of 



the quantum pentagon relation were given in QFKVH and QW2| ]. Nevertheless, we find 
it instructive to give another proof of the quantum exponential relation in Appendix B 
since it will allow us to introduce the notion of ^-binomial coefficients. 

3.3. Alternative representations of the R-operator. — 

Lemma 7. — R and R _1 may be decomposed into powers of E <g> F as follows: 



R 



b / dt 



q"® H (A{smKb 2 ) 2 E®t) u q 



R- 



b / dt 



GAQ + ibt) 



-TlbQt 



\'t „H®H 



q~ H ® H (4(smnb 2 ) 2 E®F)q 



\'t _-H(g)H 



G h {Q + ibt) 

IK 

where the integration contour goes above the pole at t = 0. 
Proof — By Lemma 15 in [ |PT2| ] (see also | ^KV| |[ |Ka| ]) we have: 
d „.-ixr& G b {a + ix) _ G b (a)G b (P) 



(3.28) 
(3.29) 



G b (Q + iz) G b (a + P) 



(3.30) 



The function 



l 



G b (Q+i 



has a pole at % = and is analytic in the upper half -plane. The 



integration contour in ( 3.30| ) goes above this pole. 



Considering the asymptotics of ( p.30| ) for 3 a —* — °° and 3a — > +°°, using the 



properties (3.4) and (3.6), and making a change of variables, we obtain the following 

Fourier transformation formulae 

p -mb 2 t 2 T 
h I dte 2nihtr _ — = r¥ r = g b (e 27Chr ), (3.31) 



dt e 



iKibtr 



G b (Q + ibt) G b (%-ir) 

i-nbQt 



R+iO 



GAQ + ibt) 



S b G b {%-ir) = {g b {e 2 « b '))-\ (3.32) 



Lemma [7| follows if we put here 



r = log (4 (sin nb 2 ) 2 E (g) F) and compare the result 



with the definition (2.23). 



□ 



We now come to the proof of Theorem f|. Consider the product representation of the 
R-operator of Lemma |] projected to 3? Si <g> by means of the reduction described 



in Subsection 2.3 

( = 0) q"^{w b (s 1 -p)®w b (s 1 + p))g b (e 

x {w b (s z - p) ® w b ( Sl + p))" 1 q"*®"* 



2nbx ^ 2nbx\ 



(3.33) 



g— nix g2jiizx ^ g— 2nizx 



X K(S 2 - P ) (8) W b (s L + p))~ 
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It is now easy to compute the "matrix elements" of R SzSl on the states |& 2 )^i) = 1^) ® 
\k t ), where \k) = e 2nixk . Taking into account that p|Jk) = k\k) and (k\k ) = 8(k' -k), 
we find 



^'Vi ^2' l^2'^l ) ~~ (^2'^1 1^2*1 l^2'^l) 



d%- 



G b {Q + iT) w b ( Sl +k[) w h (s 2 -k 



(3.34) 

^r8{k' 2 -k 2 + x)8{k[-k l -z) 



which gives us the kernel (2.3C) of the "momentum" representation in Theorem |j. 



The kernel of the "coordinate" representation (2.27) can be obtained as a Fourier 



transform of (334) 



R Ml (*2>*il*2>*'i) = / dk' 2 dk[dk 2 dLe 2ni ^ +x ^- x '^ 



/ dxdk 2 dk\ 

m 



? ffj(T(^-*i)-2*i^) 

GJJ2 + IT) 



a 2m(T(* 2 -*!)+*; (xj -y, )+^(x 2 -4)) 



The remaining integrations are performed by using relation (3.3C) three times. The 



result of this straightforward but tedious calculation is given by (2.29). 



4. Proofs of the main results 

4.1. Proof of Theorem |]: Co-associativity. — First, it is straightforward to 
write out (id® A) oA(X) and (A® id) oA(X) in terms of the Clebsch-Gordan maps 

C[j 3 |j 2 )*i]: 



3(21)^21- 



{k Sj <8> 7t Sl (8 7T S] ) o (id ® A) o A(X) = J^dm(s 4 )dm(s 2l ) C| (21) 21 ) • X • C 
(rc S3 ®7t S2 <g>7T Sl )o(A<g>id)oA(X) = J + dm(s 4 )dm(s 32 ) C| 32 ^(j 32 ) -X- C (32)1 (j 



where we have introduced 

C 3(2i)( 5 2i) = c ta|s 3 ,s 21 ] • (id®C[j 21 |,s 2 , 1 s 1 ]), 

C (32)l(' ? 32) = C Kk32> J l] • (C[j 3 2k3' J 2]® id )- 

Proposition 7 in [ PT2| ] is equivalent to 



(4.1) 



( ~3(21) ( J 21 ) — J R+ ds 32 { 4 4 - s 32 } ^(32)1 ( J 32^ ■ 
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where { ^ ^ ^ } b are the b-Racah-Wigner coefficients introduced in [ ]PT2| |. It follows 
that 

(^s 3 ®x h <g> n Si ) o (id <g) A) o A(X) = 

= J dm(s 4 )dm(s 21 ) J dm(s 32 )dm(s' 32 ) Q ^ S g 2 }* b {% ZZi \b " 

' ^(32)1^32) ' * ' ^-(32)l(' ? 32)- 

Exchanging the integrations over s 2l and s 32 , 532' an d using formula (89) from [ |PT2| ], 



yields the claim. 



4.2. Proof of Theorem 2: Invariance of the Haar-measure. — We shall consider 
the left invariant Haar measure h t only, the proof for the case of h r being completely 
analogous. 

A few preparations are in order. The elements of sf^ can be represented as integral 
operators: If a vector \\f € is realized by a function \j/(k,s), then 

(Ov/)(k,s) = I dk' K n (k,k'\s)Y(k',s). 
Jr 

In terms of the kernel K Q (k,k'\s) one may write the defintion of h { as 

h.(O) = / dm(s) [ dke- 27cQk K n (k,k\s). (4.2) 
Jr+ Jr 

The distributional matrix elements of an operator G srf are always of the form 

[s,k\0\s' ,k') = 8{s-s'){(k\0\k')) s . (4.3) 

By using an analogous notation for operators in &f (g> one may represent the distri- 
butional matrix elements of A(0) as 

((* 2) * 1 |A(0)|^,*' 1 » Vl 

Jm(s 3 ) / dk 3 dk' 3 K (k v k' 3 \s 3 )([^ I [\}X[ S k \ 

JR ^ ' 

In order to make the justification for the following manipulations more transparent, 
we are going to employ the following regularization for the distributions involved: 

where 8 e (x) = 8 e (—x) is a symmetric regularization of the delta-distribution. Let us 
furthermore note that it suffices to check the invariance property on a dense subset 
of the domain of hj. Consider the matrix element 

te*i|A(0)|v4,M)> Vl := / d*2^^(*2)V , (^)«*2,*i|A(0)|^,*' 1 » Vl , 

J IK 

where \\f 2 , Y 2 are smooth functions with compact support. Assuming that K (k,k'\s) 
has exponential decay w.r.t. k and k' it is not difficult to show that the matrix element 
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^Y 2 ,k l \A(0)\\i/ , 2 ,k' ] ]) s ^ s ^ will also have exponential decay w.r.t. k v k[ that can be made 
as large as one likes by choosing the subset 2? C appropriately. 

Combining (4.2) and ([O]) leads to the following representation for the distributional 
matrix elements of (id ® hj)A(O). 



(fel (id 8^(0)1^ 



111 Si 



dm(s 3 ) / dk 3 dk 3 K Q (k 3 ,k 3 \s 3 ) 
dm( Sl )f dk, e-^d^l] 



r- 5 3 «2 
[k' 3 k' 2 



(4.5) 



We are going to use the following result: 

The following equation holds as an identity between tempered dis- 



Proposition 1 

tributions: 



8(k' 3 -k 3 )8{k' 2 -k 2 ). 



(4.6) 



Proof. — The proof of the proposition will be based on the following important sym- 
metries of the Clebsch-Gordan kernel: 



Lemma 8. — The Clebsch-Gordan kernel [? ^ £j] g has the following symmetries. 

(4.7) 



J 2 -'3 



fc, fc, fcj J e 



-TlQ(k 2 -k 3 ) -%ih s 



I 



Proof. — One may verify directly that for s i El, i= 1,2,3, 



s 3 s 2 j, - 

x 3 x 2 x l . 



(c 



-%ih s . 



e -mh Sl 



(4.8) 



The Lemma follows by taking the Fourier-transformation of (fO|), taking into account 
that our regularization is compatible with the symmetry (4/7). □ 



With the help of equation ( |4.7[ ) we may rewrite the left hand side of ( |4.6| ) as follows 



^1 *1 



-k' 2 -k' 3 \e 



(4.9) 



The proposition now follows by using the Fourier-transform of [ PT2 , Corollary 1 ] . □ 
Inserting (fk|) into ( fO| ) yields 

p 2 |(id^h 1 )A(0)|^)) l2 = 8{k 2 -k' 2 ) f dm(s 3 ) f dk 3 e- 2 ^K Q (k 3 ,k 3 \s 3 ). 

Recognizing the definition of the Haar-measure on the right hand side completes the 
proof of the left invariance property of h v 
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To prove the property (ii) in Theorem 2 we observe that definition ( |2.18[ ) can be 
rewritten as 



f-OO 

h,(0) = / Jm(s)Tr(K 2 K 2 O s ). 
Jo 



Now it is straightforward to verify the first formula in ( [2.21 ) for X = E, F,K using 
the definition of the adjoint action, the relations (jO|), and the cyclicity of trace. For 
instance, Tr^^ad^C),)) = TrtK^KO.K- 1 ) = Tr(K 2 K 2 O s ), T^K^adJ^Cg) = 
Tr^K^EO.K- 1 -qV,- l O s E)) = Tr((KE-^EK)K 2 O s ) = 0. Further, we notice that 
h 1 (ad^ Y (0)) = h^ad^ad^O))) = h^O) e(X) e(Y) = h^O) e(XY). Together with the 
linearity of trace this implies that ( |2.21[ ) extends to any element of U q (sl(2,M)). 

4.3. Proof of Theorem — Let us adopt the following notations: X t = X® 1 ® 1, 

X 2 = 1 ® X ® 1, and X 3 = 1 ® 1 ® X. 

Property (i) First, we compute with the help of Lemma ||: 

q"® H (E 1 F 2 y t 9 H8H (K^E 2 ) - (KjE 2 ) q m " (E 1 F 2 )'^ H8H (4.10) 

= q"®" [(Ej F 2 )», E 2 ] q"®" ^ -q H ® H ([ft],[2H 2 + ft - l] q E? F^ 1 )^" . 

Next, we find 

g H®H ( Ei f 2 )^h®h _ ( Ei k 2 1)^hoh ( El F 2 ) ft 9 H ® H (4.11) 

= ^ H f(E 1 F 2 ) it E,K 2 - E&^Efo)*) q"®" 



= q"®" ({2iq it smnb 2 ) [2H 2 + it] q E\ +l Ff) q Hm . 

Let us write down the integral representation ( 3.28| ) of R in the following form 

R= f^p(*)? H ® H (E®F)V® H , (4.12) 
.m 



where p(f) = b q ^Q +iht ^ (2 sin Kb 2 ) 2 " . Observe that ( fT3| ) implies that p(t) satisfies the 
following functional equation: 

[it + \) q p(t-i) = (2iq h smnb 2 )p{t). (4.13) 

Adding Q4-.1Q[ ) with Q4.11D , we derive 

RA(E) — A'(E) R = R(E!K 2 + K7 j E 2 ) - (E L K 2 1 + K^) R 

( © / dtq mH p{t) ( (liq 1 ' sinKb 2 ) [2H 2 + itLE* +1 F| 
Jr V 

-\it\ q [2H 2 + U-\} q E\Et l )q mH 

= / dtq mH ((2iq it smnb 2 )p(t) 
Jr V 

-\it + l] q p(t- ij) [2H 2 + it] q E*' +1 Ff «7 H ® H © . 
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Thus, we have proven ( 2.24 ) for X = E. The proof for F goes along the same lines with 
the help of the second formula in ( 3.25 ). And for K the proof is trivial because A(K) 
commutes with (E® F)". 

Property (ii) Recall that the rescaled generators e b and f, were introduced before 
Lemma| To prove the first formula in ( 2.251 ), we use the quantum exponential relation 
( 3.26| ) from Lemma ^ with identification u = e l K~ 1 f 3 and v = e { f 2 K 3 , 



(id®A)R 



(2.23) 



(id^A^^e^)^) 



W 9 H 1 H 2+ H 1 H 3 ^ (eif2K3 + eiK -l f ^ U H 1 H 2+ H 1 H 3 



-r x 2 



( P-26D 



9 H 1 H 2+ H 1 H 3gfe(eiK - lf3) ^ (eif2K3)9 H 1 H 2+ H 1 H 3 



R 13 R 12 . 



The second formula in ( |2.25| ) is proved in the same way. 
Property (iii) First, we derive 

.H,H,, C c ^^f-H,H,^_ (cy g )id ^ 9 H 1 H 2 ( El Jif 9 H 1 (H 2+ »)^ F2 Jif 



(<r®id) (g hl " 2 (EiF 2 )"? ,, i ,, -i 



? -H 1 (H 2 +if) ( _ 9Ei) ^-H l H 

„2 



" 2 (F 2 ) ! ' = ^- H i%-' ?H i(-^E 1 )V Hl (F 2 ) ! V H,H2 



(4.14) 



This means that, acting with (a ® id) on the r.h.s. of ( |3.28[ ), we obtain the r.h.s. of 
( 3.29D . Thus, we have proven the first formula in (2.25). The second formula is verified 
analogously. Finally, acting with (id® a) on the last line in (4.14) and performing 
similar manipulations, we find that 

which together with (4.14) implies the last formula in ( 2.26[ ). 

4.4. Proof of Theorem 5: R-operator the highest weight representations. — We 

first need to discuss the analytic continuation of 

(3b®3t 1 . R v/>= /^M&(*2>*il^)Mi*2) ( 4 - 15 ) 

to the values k x = —s 1 + « (§ + nb) , n € Z-°. To begin with, one may trivially perform 
e.g. the integral over k' 2 to get an expression of the form 



(4.16) 



where k = k 2 + k v The analytic continuation of (4.16) to k l =—s 1 + i(i+nb) can be 
defined by deforming the contour of integration over k[, R, in ( p~16| ) into E + i(| + 
n£>) + /0 plus a sum of small circles around the poles from the factor w7 l (s l +k[) in 
R k (k x \k[) that lie between R and R + /(§ + rafc) + £0. 

We are now in the position to take the limit k x — > —s x + i(f + nb). The factor 
w b (s l +k x ) that appears in R,^^), cf. (2.30), makes most of the terms vanish 
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except for the terms from the poles at k[ = — jj + /(^ +bn'), < n' < n. The resulting 
expression is of the following form. 



Rl . 8,, 



L G i 

1=0 



w„ w b (s 2 -k') 



where G n := Res^^ G, {Q + x) and w n = Res 



y b\ J 2 "V 
,-1, 



(4.17) 



k' 2 =k 2 +ibl 



(X). 



It remains to calculate the relevant residues. It is easy to derive from (|3.2[)-(|3.4|) that 

G h (x)G h (-x) = -— — r . (4.18) 

ft fo 4smnbxsmnb- l x 

Hence \im x ^ Q (xG b (x)) 2 = (2n)~ 2 . In fact, using the modular property of the Dedekind 
tj -function, it is straightforward to compute the limit directly for the product represen- 
tation (3.8) (as was done in [fjh|]); which yields 



limxGJx) = J— . 



Hence, taking into account the properties ( |3.2| )-(p.4|), we find that 

i i n m 

■^na-^na-rv 



Res 



GdQ+z) 



at z = nb + mb 



(4.19) 



(4.20) 



k=\ 



l=i 



-inb 



where n,m£ Z-° and q = e 

To complete the proof of Theorem || is now the matter of a straightforward calcula- 
tion using the functional relation (3.11), formula ( 120| ), as well as (2.31). 

4.5. Proof of Theorem — Let us first note that the left hand side of (233) satisfies 
the intertwining property 

CNW 2 ] B ^ ° K ® w*J °A(X) = K Sl (X) o C[j3|j 1} j 2 ] B SzSi . (4.21) 



A unitary operator that maps ZP Sz ® —> &s } and satisfies ( |2.14[ ) must be propor- 
tional to Cfjgl^,^]. This is a consequence of the analysis used to prove Theorem 2 
in [ PT2 ]. It follows that there exists a function Q(j 3 |tf 2 , ^j) such that the statement of 
Theorem ^ holds. We are left with the task to calculate n(j 3 |j 2 ,Ji) explicitly. 

To this aim let us note that Theorem ^ is equivalent to an identity between meromor- 
phic functions. To write this identity down, let us assume that &> Si <g) 2? Sx is realized 
by functions ^f{k 2 ,k { ). C[s- i \s l ,s 2 ] is then realized as an integral operator: 

{C[s^\s v S 2 \f){k 3 ) = j dk 2 dk x [£fcfc]^(*2,*i). 
JR. 

The explicit expression for the distributional kernel ^ ^ ] can be found in Appendix 
A. For the moment it will be enough to note that it can be factorized as 



rS 3 
U 3 



8(k 1+ k 2 -k 3 )C S3 [l 2 2 l\ 



(4.22) 
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where C Sj [k 2 k\] 1S a meromorphic function by Lemma 20 of [ PT2 ]. It is then easy to 
see that Theorem || is equivalent to the identity 



[k 3 k\k 2 ] ^* 2 * 1 (*2,*ll*2»*i) 



^MS^]- (4-23) 



In order to see that equation ( 4.230 is indeed equivalent to an identity between mero- 
morphic functions let us note that ( 4.22 ) and ( 2.30| ) allow one to split off the distribu- 
tional factors. What remains on the left hand side is a convolution of two meromorphic 



functions, so is itself meromorphic (cf. Lemma 3 in [PT2]) 
Let us note that both sides of ( 123| ) have a pole at k' 2 = 



-s 2 + In the case of 



the right hand side this is a consequence of Lemma 20 of [ ]PT2| ]. Concerning the 
left hand side of ( 4.23 ) one may as in the proof of Lemma 3 of [ PT2j ] identify the 
above-mentioned pole as the consequence of the pinching of the contour of integra- 
tion by a collision of two poles of the integrand. First we have the pole of [ k 3 % 
at k 2 = —s 2 + i®. Second let us note that the factor G7 i {Q + i(k! l — k^)) appear- 
ing in Rs 2 s 1 (^2'^i \ k 2' k i) produces a pole at k 2 = k 2 if one takes into account that 
Rs 2 s 1 (&2j&i |^2jM) nas su PP°rt only for k[ — k { = k 2 — k 2 . The residue of the result- 



ing pole on the left hand side of ( 4.23[ ) is simply given by the product of the relevant 
residues of [ fe 3 fe | ^] and R^^,^^,^) respectively. 

The equality of the residues of the two sides of equation ( |4.23 ) implies the following 
identity: 



Res C, 3 [ 



k 2 =-s 2 +i^ 



3 L&i k 2 _ 



e %Qk x e lnis 2 k l 



Q.(s 3 \s 2 ,s l/ 



Res 



, Cs Ak 2 k, 



(4.24) 



By evaluating the relevant residues we may therefore calculate fl^l^,^). 
Lemma 9. — 



2m Res C, [? 



,- f (*, 3 ~\ -h Sl ) - f fit, -nh 2 k x ^b 



w b( k l 



k 2 =-s 2 +i& 



w b( k l+ s 3 



■5 2 + i%) 



2ni Res C [? 1 1 

.n 3 1^2 K i 



,+f(h H -h s -h s J+SQk le ,+m 



S ,fc W b( k l- S l) W b( S 3+ S i- S 2) 



w b( k l+ s 3 



-s 2 + q 



Proof. — In order to exhibit the singular behavior of C Va fc 2 ] near k 2 = —s 2 + i@ 
one may deform the contour of integration in ( |A.6| ) into the union of a small circle 
around the pole of the integrand at s = and a contour that separates the pole at s = 
from all the other poles in the upper half-plane, approaching asymptotically ±/oo. The 
contribution from the residue of the pole at s = exhibits the pole at k 2 
explicitly, whereas the rest is nonsingular. 

Similarly, to analyze the singular behavior of C Si [k k'} near k 



s 2 -\- i 2 



-s + z¥ one 



needs to deform the contour in ( A.6[ ) into a small circle around the pole at s = —R 3 



together with a contour separating that pole from all the other poles in the lower half 
plane. 

It is then straightforward to calculate the values of the corresponding residues from 

<ra. □ 
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A 

The Clebsch-Gordan coefficients for the modular double 

Definition 2. — Define a distributional kernel \J 2 x\] (the "Clebsch-Gordan coef- 
ficients") by an expression of the form 

where the meromorphic function ^ ^l] defined as 

1--.V3 s 2 Sl i = e -f(h S3 -h S2 -h Sl ) 

I x 3 x 2 x l J e ^ 2^ 

xD b (o 32 ;y 32 + ie)D b (o 3l ;y 3l +ie)D b (o 2l ;y 21 +ie), 
h s = s 2 + ^Q 2 , the distribution D b (o;y) is defined in terms of the function w b (y) as 

Dti a;y ) = ^M, (A.3) 
w b (y + s) 

and the coefficients y • •, /$•,-, j > i £ {1,2,3} are given by 



y 32 — ^2 "^3 2 ^3 ^2) ^32 — ^1 ^2 ^3 

y 3l =x 3 -x 1 + ^(s 3 +s l ) a 3l =s 2 -s 3 -s l (A.4) 

y 2l =x 2 -x 1 + ^(^ 2 + 5 1 -2s 3 ) cr 21 =53-^-^. 

It is often useful to consider the Fourier-transform of the b-Clebsch-Gordan symbols 
defined by 

[ \ £2 ] = / k 5 ? ] (A.5) 

The distribution ^ ] can be factorized as 



where C 4j ^ ] is a meromorphic function. A straightforward calculation using [ PT2| , 
Lemma 15] yields the following expression: 

hM ^(a 32 K(a 31 )w,(a 21 ) 7/^ LW'+S,)' < A " 6 > 

where we used the abbreviations j8 = § + +s 2 + s 3 ), j8 21 = y -H(ji +s 2 —s 3 ) and 

7?!=-^ + ^, 5j -o- 32 , 

/? 2 = - Sl -^, 5 2= j| + / ?2 _ - 3i) (A.7) 

^3 =S 3 ~ s 2 ~ 5 i> S 3 =i®, 

The analytic properties of [£ 3 ^ 2 ^ ] can be summarized as follows: 
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Lemma 10. — (Lemma 20 in [PT2]j [V ^ £ ] depends meromorphically on all of its 
arguments, with poles at ±ik ( = Q +is i + nb + mb~ l , n,m G Z-°, i = 1,2,3 only. 



B 

Quantum exponential function and ^-binomial coefficient 



The definition ( |2.22[ ) and the property ( fO| ) imply that the function obeys the 
following functional equation 



Xqx) = l g h (q ! x) 



(B.l) 



For a pair of Weyl-type variables, uv = q 2 vu, a consequence of (BT) is 

u + v = g b (qu~ l v) u (g b (qu~ l v)) = (g b (quv~ 1 )) 1 v g b {quv~ l ) . (B.2) 

It is now obvious that 

g b {u + v)=g b (qur l v)g b (u) (g b {qur l v))~ = {g b {quv- l ))~ g b (v)g b (qu V - 1 ) . 

(B.3) 



These relations allow us to prove the equivalence of ( |3.26| ) and ( p.27| ) stated in 
Lemma []. For instance, let us show that ( 3.27| ) together with the first relation in (B.3) 
implies (3.26). Introduce V = qu~ x v. Notice that V = e hB where B = B — A so that 



[A,B] = 2ni. Then we have 

g h {u + v)^ g b (V)g b (u) (g h (V)y l ^Bg h {u)g h (q-'uV)=g h {u)g h (v). 

The inverse implication, ( |3.27| ) =4* ( |3.26| ), is proven similarly. 

Now we want to prove ( [3.26[ ). First, we represent (u + v) lt in an integral form: 

(u+v) U ^g b (qu- l v) u U (g b {qu- { v)y l 



b 2 dz x dz 2 e KbQ ^-^ 



G b (Q + ibT 2 , 



(qu-'v) 1 ^ u" {qu-'v) 1 



J T e ^Q(T 1 -T 2 )-i^ 2 (T 1 +T 2 ) 2 +2l^ 2 ?T, 



G b {-ibz x ) i( T +t) 



GAQ + ibx 2 ) 



= b 2 [ dz l 

Jr 

= b 2 ( dxdX c xl>T(Q+2ibt)-inb 2 T 2 -27tb^(Q+ibt) G b( lbZ 2 ~ lbx ) i(t-t) H 

Jr 2 G b {Q + ibz 2 ) 

where we introduced z = Tj + % 2 . Computing the integral over t 2 with the help 



of (3.3C), we derive an analogue of the binomial formula: 



(u + v)"=b I d% (£) 



where the ^-binomial coefficient is given by 

t\ _ e 2 * ib2 ^-^G h {Q + ibt) 



TJb G b (Q + ibt-ibz)G b {Q + ibz)' 



(B.4) 



(B.5) 
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We see that the function G b is a ^-analogue of the factorial. The ^-binomial coefficients 
satisfy the ^-Pascal identity: 



which can be easily verified with the help of fl3.3| )- 

Using the ^-binomial coefficients and the integral representation (3.31) of g h {x), we 
derive the quantum exponential relation: 

(B + v) & b [ dt{u + v f e -^— u«-%« 
SbK ' k V ' G h {Q + ibt) Jr \T)bG b {Q + ibt) 



,,- ] -nib 2 {t-x) 2 -nib 2 z 2 

G b (Q + ib(t-x))G b (Q + ibx) 



= b dT — ; -u 11 b dz — ; -v ,T ^ g h (u)g h (v) . 

k G h {Q + ibT) k G b {Q + ibx) SbK ,SbK ' 

This completes the proof of Lemma ^. 

Remark 5. — After this manuscript was written we were informed that a different 
proof of the quantum exponential relation and of relation ( 3.16 ) is given in [jy|]. 

Acknowledgments. — We are grateful to L.Faddeev for useful comments. We thank 
A.Volkov for providing us with a draft version of [V] prior to its publication. A.B. 
was supported by Alexander von Humboldt Foundation. J.T was supported by DFG 
SFB 288. A part of this work was carried out during A.B.'s visit to the Department of 
Mathematics, University of York. 



References 



[Ba] E.W. Barnes: Theory of the double gamma function, Phil. Trans. Roy. Soc. A196 (1901) 
265-388 

[Fl] L.D. Faddeev: Discrete Heisenberg-Weyl group and modular group, Lett. Math. Phys. 

34 (1995) 249-254 ftep-th/9504lTl| ] 
[F2] L.D. Faddeev: Modular double of a quantum group, Math. Phys. Stud. 21 (2000) 149- 

156 [ |math.QA/9912078| ] 
[FK1] L.D. Fa ddeev and R.M. K ashaev: Quantum dilogarithm, Mod. Phys. Lett. A9 (1994) 

427^134 jhep-th/93100"70| ] 
[FKV] L.D. Faddeev, R.M. Kashaev and A.Yu. Volkov: Strongly coupled quantum discrete 

Liouville theory. I: Algebraic approach and duality, Comm. Math. Phys. 219 (2001) 



199-219 [ ]hep-th/0006156P 
[FK2] L. Faddeev, R. Kashaev: Strongly coupled quantum discrete Liouville Theory. II: Ge- 
ometric interpretation of the evolution operator, J. Phys. A35 (2002) 4043^4048 [hep- 
th/0201049] 

[FV] L.D. Faddeev and A.Yu. Volkov: Abelian current algebra and the Virasoro algebra on 
the lattice, Phys. Lett. B315 (1993) 311-318 frep-th/9307048| ] 



26 



A.G. BYTSKO AND J. TESCHNER 



[Ka] R.M. Kashaev: The non-compact quantum dilogarithm and the Baxter equations, J. Stat. 

Phys. 102 (2001) 923-936 
[KLS] S. Kharchev, D. Lebedev and M. Semenov-Tian-Shansky: Unitary representations 

of ^(s[(2,R)), the modular double, and the multiparticle q-deformed Toda chains, 

Comm. Math. Phys. 225 (2002) 573-609 frep-th/0 102180 1 
[KV] K. Kustermans, S.Vaes: The operator algebra approach to quantum groups, Proc. Natl. 

Acad. Sci. USA. 97 (2) (2000), 547-552 
[PT1] B. Ponsot and J. Teschner: Liouville bootstrap via harmonic analysis on a non-compact 

quantum group, [ hep-th/991 1 110 1 
[PT2] B. Ponsot and J. Teschner: Clebsch-Gordan and Racah-Wigner coefficients for a contin- 

uous series of repres entations ofW q (sl(2,M.)), Comm. Math. Phys. 224(2001)613-655 

[ frath.QA/0007097| ] 

[S] K. Schmudgen: Operator representations of U q (sl(2,R)), Lett. Math. Phys. 37 (1996) 
211-222 

[Sch] M.P Schiitzenberger: Une interpretation de certaines solutions de I 'equation fonction- 

nelle: F{x+y) = F(x)F(y), C. R. Acad. Sci. Paris 236 (1953) 352-353; 

J. Cigler: Operatormethoden fur q-Identitaten, Monatsh. Math. 88 (1979) 87-105 
[Sh] T. Shintani: On a Kronecker limit formula for real quadratic fields, J. Fac. Sci. Univ. 

Tokyo Sect. lAMath. 24(1977) 167-199 
[T] J. Teschner: Liouville theory revisited, Class. Quant. Grav. 18 (2001) R153-R222 [hep- 

th/0104158] 

[Wl] S. Woronowicz: Unbounded elements affiliated with C* -algebras and non-compact 

quantum groups, Comm. Math. Phys. 136 (1991) 399^132 
[W2] S.L. Woronowicz: Quantum exponential function, Rev. Math. Phys. 12 (2000) 873-920 
[V] A.Yu. Volkov: Noncommutative hypergeometry, to appear. 



A.G. BYTSKO AND J. TESCHNER, Institut fur theoretische Physik, Freie Universitat Berlin, 
Amimallee 14, 14195 Berlin, Germany • E-mail: bytsko@physik.fu-berlin.de, 
teschner@physik . f u-berlin . de 



